MAS439 Lecture 9
k-algebras

October 25th



Feedback

Only two people filled in the “early questionaires”

> One blandly positive
> One really didn't like lectures, depended on the notes

Response to that:

» This is partly intentional (next slide) but...
> | have an uneasy relationship with slides

> | could be completely missing the mark



Some bits from the first lecture:

Lectures and Notes

» Primary text: Notes by Tom Bridgeland (Rigor)

> Lectures will follow notes, but from a different angle
(Intuition)

» Slides will go online, but not what goes on board

Please Please read the notes
| will be assuming you are



5-10 Minute survey



Today's goal:

Understand the statement “C|x, y] is
a finitely generated C-algebra”



Why algebras?

Clx,y] is NOT a finitely generated ring!

But this is “just” because C is not finitely generated. We have
made our peace with C, and are no longer scared of it (R, really).
If we are willing to take C for granted, then to get C[x, y| we just
need to add x and y. A primary purpose of introducing C-algebras
is to make this idea precise.

Never leave home without an algebraically closed field

We want to build in an (algebraically closed) field into our rings.
C-algebras do just that.



Formal definition of k-algebra

Let k be any commutative ring.

Definition

A k-algebra is a pair (R, ¢), where Risaringand ¢ : k — S a
morphism.

Definition

A map of k-algebras between f : (R, ¢1) — (S, ¢$2) is a map of

rings f : R — S such that ¢p = f o ¢y, that is, the following
diagram commutes:

k
¢1 P2



Important examples of k-algebras

» k(x| is a k-algebra, with ¢ : k — k[x] the inclusion of k as
constant polynomials.

» C is an R-algebra, with ¢ : R — C the inclusion

» C is also a C-algebra, with ¢ : C — C the identity

» The ring Fun(X, R) of functions is an R-algebra, with
¢ : R — Fun(X, R) the inclusion of R as the set of constant
functions

> As there is a unique homomorphism ¢ : Z — R to any ring

R, we see that any ring R is a Z-algebra in a unique way —
that is, rings are the same thing as Z algebras.



Examples of maps of k-algebras

» Complex conjugation from C to itself is a map of R-algebras
but NOT a map of C-algebras.

> If Ris a k-algebra, and [ an ideal, R// is a k-algebra, and the
quotient map R — R/l is a morphism of k-algebras

» A Z-algebra map is just a ring homomorphism



Slogan: Algebras are rings that are vector spaces

We will usually take k to be a field. This has the following
consequences:

» As maps from fields are injective, we have that ¢ : k — R is
injective, and so k C R is a subring.

> The ring R becomes a vector space over k, with structure
map A-ysr=¢(A) gr

» Multiplication is linear in each variable: if we fix s, then
r+—r-sand r > s-r are both linear maps.

» Going backwards, if V is a vector space over k, with a
bilinear, associative multiplication law and a unit 1y, then V
is naturally a k-algebra, with structure map ¢ : k — V
defined by A — A -1y



Finite-dimensional algebras

Definition
Let k be a field. We say a k-algebra R is finite dimensional if R is
finite dimensional as a k-vector space.

Example

» C is a two dimensional IR-algebra
» C[x]|/(x") is an n-dimensional C-algebra

» C|[x] is not a finite-dimensional C algebra



Toward finitely generated k-algebras

Being finite dimensional is too strong a condition to place on
k-algebras for our purposes. We now define what it means to be
finitely generated.

This is completely parallel to how we defined finitely generated for
rings.



Subalgebras

Definition
Let (R, ¢) be a k-algebra. A k-subalgebra is a subring S that
contains Im(¢).

» if S is a k-subalgebra, then in particular it is a k-algebra,
where we can use the same structure map ¢

» The inclusion map S < R is a k-algebra map

» To check if a subset S C R is a subalgebra, we must check it
is closed under addition and multiplication, and containts

¢ (k).



Generating subalgebras

Definition

Let R be a k-algebra, and T C R a set. The subalgebra generated
by T, denoted k[T], is the smallest k-subalgebra of R containing
-

Lemma
The elements of k[T| are precisely the k-linear combinations of
monomials in T, that is, elements of the form

m
Z A,-m,-
i=1

where Aj € ¢(k) and mj is a product of elements in T



Three ways of generating

Let T C C[x] be the single element x. Then
» The subring generated by x, written (x) is polynomials with
integer coefficients: (x) = Z[x] C C[x].
» The ideal generated by x, written (x), are all polynomials
with zero constant term

» The C-subalgebra generated by T is the full ring R = C[x].



Clx, y] is a finitely generated C-algebra

Definition
We say that a k-algebra R is finitely generated if we have
R = k[T] for some finite subset T C R.

Indeed, we have C[x, y] is generated as a C algebra by {x, y}.



